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Abstract  This paper provides a comparative study,
through simulation, of the effectiveness of the
local (decoupled) PD control, the computed torque
control, and the sliding mode robust control when
applied to a 5-link biped robot model. The
superiority of the sliding mode control in case of
existence of large parametric uncertainty is
verified. It is argued that sliding mode control
appropriately smoothed can be used successfully
in actual (experimental or not) bipeds to increase
their performance capabilities.

L INTRODUCTION

The mechanical complexity of legged locomotion
systems is one of the caracteristics that make their study and
design very difficult. In particular, the existence of a non
(directly) controllable degree of freedom in biped systems
plays a dominant role in the determination and improvement
of their stabilitiy properties. On the other hand, during the
motion of any walking robot, a number of sudden geometric
constraints are imposed, e.g. stepping on the ground, knee
locking, etc. These constraints, which are inherent in all
walking machines, give rise to impulse-like disturbances
that make the control by standard PD or PID controllers an
extremely difficult problem.

The analysis, design and construction of
anthropomorphic bipeds has received in recent years a
particular attention and currently many biped robot
prototypes exist in academic and other institu}ions [1-7]. In
the present paper the effectiveness of robustisliding mode
control applied to a 5-link biped robot isi studied and
compared to that of the usual computed torque and decoupled
PD control. The theoretical expectation that sliding mode
control is much superior than local PD control and computed
torque control in the presence of strong parametric
uncertainty is fully verified. The fact that this superiority is
strengthened as the uncertainty level of the biped model
increases is also established. Through the selection of
appropriate reference signals a stable walk of the biped, both
on an horizontal plane surface and on a staircase, is achieved.
It is observed that if the uncertainty level is very high (higher
than 80%) it may not be possible to maintain a stable gait
with usual PID
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control. The computational complexity of both the computed
torque and the sliding mode control allow their realization
with standard microprocessor hardware and software. In
particular, if the algorithms are programmed in assembly, the
computation time is of the order of 3-4 msec. Further, by
using suitable fast inverse dynamics algorithms (such as the
Luh-Walker-Paul algorithm, [8]) or by parallelizing the
computations, this figure can go down to less than 1-2 mscc.
Another improvement can be obtained if all the trigonometric
functions are prestored and called from a ROM mcmory.
Thus, since a sampling frequency of at least 60 Hz
(T <16msec) leads to a very good trajectory tracking
performance, it can be argued that the sliding mode control is
suitable for use in experimental and practical biped robotic
systems.

II. THE BIPED DYNAMIC ROBOTIC MODEL

The biped robot model of the present study has five links
(torso and two links in each leg) and has the form of Fig.1.
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Fig. 1. 5-link planar biped robot modcl




These links are connected via four rotating joints (two hip
and two knee joints) which are assumed to be friction free,
and each one of them is driven by an independent dc motor.
The locomotion takes place on the sagittal plane as shown in
Fig.1. Since this biped does not have ankle joints and feet,
variation of its speed through torques at these joints is not
possible. The biped, however, can walk indirectly using the
effect of gravity.

From Fig.1 it follows that
X=X, +1sin0 +1,sin6,+1 sinb , +1,sin6

(1a)

Ye= yb+llcos91+ 1200592-l4cos94—15c0395 (1b)

and
. X llcose1 - 12c0592 5
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Now, if (cgx, cgy) are the coordinates of the biped’s center of
mass, and (X, Yci) the coordinates of the center of mass of

link i then

Xg = dlsme1 s Yy = dlcos (-)1

X ,= llsin91+d2sin92 Y, =T llcos 91+d2cos92

X 5= llsin91+lzsin92+ dasine3

Y., = l]cosel+12¢:os€)2+d3c0593

X .= 1,5n0 +1 sin® +(1,-d )sind, (3

Yeu© l‘cosel+12c0562—(14—d4)cos€)4

ch:1]smel+125m92+14sm64+(15—d5)sm95
Yos = 1] c0561+1200562—1400564—(15—d5)c0595
and
+ + +
C,X_(mlxcl MaXe2 MyX M X meX )
X = (m +m_+m_+m _ +m )
1 2 3 4 s (4)
cgy = (mlycl+m2yc2+m3y03+m4yc4+m5y&5)I
m_+n +
(\l m,+m, m4+m5)

A. Single-Leg-Support Phase

This situation is schcmatically shown in Fig.2. It is
assumcd that the friction of the ground is sufficiently large to
cnsurc no slipping of the supporting ¢nd. Since the motion
of the biped is performed on the planc of Fig.1 the angles 6;
(i=1,2,...,5) arc sulficicnt for fully describing its
configuration.

The Lagrange dynamic model describing the motion of the
biped in this phasc is found to be :
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Fig. 2. Biped with one leg in the air
D(6)- 6+h(0,0)+G(8)=T, 5
where
8=06,0, . 81T, Tg=1[Tg, .., TeIT
L)

h(8,0)=col| X (h...(é.))

@.9) gy Y (6)
G(®) = col [G®)] ., D@®) = Dy®] , (1i=12...5)

Here Tgj is the generalized torque that corresponds to ;,
col[aj] is a column vector with elements aj, and D(8)
is the inertia matrix of the biped.

Now, let t=[1:1,172,‘t3,‘t4]T be the vector of the driving

torqucs of the four joints of the biped, where (Fig.2):

11 : driving torque of the knee of the supporting leg
12 : driving torque of the hip of the supporting leg
13 : driving torque of the hip of the free leg

14 : driving torque of the knee of the free leg

If q;, q,, g3 and q4 are the relative angle deflections of the
corresponding joints, then (see Fig.2):

q;=0,-8; , ap=8,-03 , a3=03+0, . q4=0,-65

and so the relation




4 an
Tei=j§lt.iﬁ , 1=1,2,...,5
1
gives
Te =E-1
where E is the 5x4 matrix

Thus the biped dynamic model (5) becomes
D(6)- 6+ h(®,0)+ GO)=E- 1 )

" One observes that only four of the five degrees of freedom
6,.9,.....85 can be controlled directly by the four driving

torques T4,T5,T3 and T,. The angle 8, at the contact point

with the ground (hypothetical joint 0) is controlled only
indirectly using the gravitational effect.

To facilitate the control procedure, to be described in
Section III, the model (7) is transformed to :

Dq(q)- q+ hq+ G.:]=T‘l (8a)
where ( here Tq0=0) q=col [qj] ., hq=col [hyj] ,

Gq =col [Gg;] , Tq=col [Tg] (j=0..4)
and

D) =A +A +A -A -A
D (1.2)=-A -A, + Al tA

Dq(i’3)=_Ai3+Ai4+Ai5 3 @8b)
D (i.4)= A +A_
D (i.5)=-A,, )

This model uses the variables q; (i=0,1,..,4) instead of
6, (i=1,2,..,5), where qq corresponds to the hypothetical
joint O at the contact point (xy,¥y,) With q4=8,. Due to space
limitations, the expressions for the Aij’s are omitted here (see
(12]).

B. Biped-in-the-Air Phase

Suppose now that at the moment when the free leg
touches the ground, the supporting leg leaves the ground, so
that the biped is actually in the air. This means that at the
moment of collision of the free end with the ground the

constraint xp=yp=constant and Xp = yp = 0, which was
valid in the single-leg- support phase, is removed (see Fig.
2). This implies that the dynamic model (5) or (8a) of the

496

single-leg-support phase cannot be applied to compute the
instantaneous changes of the joint angular velocities at the
moment when the free end of the biped collides with the
ground.

Our purpose here is to present the biped dynamic equations
when both legs are in the air. In this case, for a full
description of the configuration and the position of the biped,
one needs, in addition to 6 (i=1,2,...,5) the coordinates Xp
and y, of the left end of the biped .

Applying the standard procedure through the Lagrange
equations one finds the following dynamic model for the
biped in the air : .

D ,(6,)- 6,+h,(6,,0 )+G,(0,)=T, )

where Ba = 91, e 95, xb, yb ]T

Ga =[Gy(1),...,Ga(D 1T,

Ga()=G;j , (i=1,...5) , G4(6)=0 and (10)
5

G(M=|Xm |g=m, Xxg

i=1
For the 7x1 vectors T, and h, we have
Ta(i) = Te(@i) , i=1, ... ,5
Ta(6)=Txb=0 ,Ta(7)= Tyb:O .
h (i)=h(i) ,
.2 .2
h,(6)=-p (6)sin® ~p, (6,)sind,

i=1,...,5

.2 .2
—p36(93) smea—p“(94) sme4

. 2
—p56(95) siI'lG5
) .2
h,(7)=-p,(0)) cosb - P,,(8,) cos®,

.2 .2
=Py, (0,) cosb, +p, (6,) cosb,

. 2
+p57(95) coses

C. Impact of the free end on the ground.

As said before when the free end of the biped, at the
completion of each step, comes into contact with the ground,
then an instantancous exchange of the support of the biped to
this end is taking place, while the other end (i.e. the previous
supporting leg) leaves immediately the ground. This proccss
is assumed to take place in an infinitessimal time intcrval,
equal to the duration of the impact of the free end with the

ground. The instantancous change A of the angular
velocities 0 i»i=1,2,...5, of the links, at the moment of the
collision of the free end with the ground, is given by [9] :




an

The new angular velocities of the links, after the exchange of
the supporting leg, are used as initial conditions for the new
step. In this way one can simulate and study the continuous
locomotion of the biped.

The 2x7 Jacobian matrix J, of the biped in the air is given

by
ox
J,=—
0,

where the position vector x =[x e,ye]T is given by (1) and 8,

(matrix : 2x7)

is the vector defined in (10).
Given that the velocity v, becomes zero immediately after

the collision with the ground, we have

Ax , = -

X
e e,befor e

where X . is the velocity of the free end just before its
contact with the ground. Therefore, the formula (i1) gives

+p V. JI' a, - pt. Tyt

¢] =0 —-X
alter be for e 2 a a ( e,be for e)

(12)

where @ before aNd éafler are the link velocities just before

and just after the exchange of the supporting leg
respectively.

III. REVIEW OF THE THREE CONTROL TECHNIQUES

The dynamic performance of the biped is described by the
modcl (8a) in the single-leg support phase, and by the model
(9) when both legs are in the air. These models have exactly
the samce form, which for convenience is rewritten here as

D(q)- q+h(g,q) =1 (13)

where 7 is the vector of the driving forces and here the term

h (q,q) involves all terms due 1o centripetal, Coriolis and
gravitational forces. This tcrm is strongly nonlinear and its
cflect increases drastically as the velocities of the biped's
Joints incrcase. Any lincar control law ignores totally these
nonlincaritics. The approach of lincarizing the dynamic model

(13) about some (fixed) operating point x=[qy, q ,=0] and

applying lincar control laws is based on the assumption that
the system state actually remains in the closed vicinity of Xg-

If this is not true (which is the casc in most practical
situations) then the performance of this approach may not be
acceplable.

In addition to the existence of the nonlincarities, the
system involves uncertaintics duc to several sources, the
primary of which is the uncertainty in the biped robot
paramcters. This parametric uncertainty requires the

introduction of suitable nonlinear terms in the control law
that makes it robust. ) .

Our aim here is to study and compare the performance of
the following three techniques through simulations :

(i) Local (decoupled) PD control

(ii) Computed torque control

(iii) Sliding mode control

A. Local PD Control

The local PID control law has the form

T =-Kp O-K, 1K fg a4

where @ =q;®-q4®,G(=1,2,..n),is the tracking
error and the feedback coefficients K;p, Kjp and K;j| are
positive.

Omitting the integral term gives the PD control law

t=-K,q-K,q as)

where Kp=diag [K;p] and Kp=diag [KjD] are symmetric
positive definite matrices. It can be shown through
Lyapunov’s direct method that under the assumption that
there does not exist friction and gravity, the position control
obtained using the PD algorithm (15) is successful.

To compensate for the effect of gravity one must add to

(15) the feedforward term 8 (q) where § (q) is the available
estimate of g(q).

B. Computed Torque Control

The computed torque control is actually based on the
feedback linearization technique, i.e. on the use of a control
law structure similar to that of the system's dynamic model.
Thus, the computed torque control law for the model (13) has
the structure :

© = D(q)u + h(g,q) (16)
and eliminates the nonlinearities involved in the model (13).
Indeed, using the control law (16) in (13), and assuming that
D(q) is invertible (away from the singular configurations),
yields:

q=u (17)
The model (17) represents a set of n=5 decoupled double
integration systems, each one of which can be controlled by a
suitable linear control law.

If the PD control law is used (with the extra feedforward

term i']d the closed-loop equation obtained for the error q is

q+K,q +K, q= 0 @8)
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It is easy to verify that if the matrices Kp and Kp are
positive definite (i.e. if KDj>0 and Kpj>0 for all j ) then the

tracking error tends to zero asymptotically . If A is the desired
bandwidth (undamped cyclic natural frequency) then, to obtain
a critically damped closed-loop performance one must select

Kp=diag[2\] and Kp = diag [A2] (19)

C. Sliding mode control

The basic drawback of the computed torque technique is
that in practice D(q) and h( q, q ) are not known exactly but
approximately as f)(q) and ﬁ(q, q) . This uncertainty may
be the result of parametric uncertainty or restricted

computational power. In practice therefore one can only use
the control law :

1= D(q)u+h(q,q) (20)

which leads to the system (instead of an):

§=( D)u + D' (h-n) 1)

Thus the system is actually coupled and nonlinear, and the
linear PD or PID control law may lead to unacceptable
performance. To face this problem one has to robustify in
some way the computed torque control law (20). Among the
different robust control techniques the sliding mode technique
[10-11] was selected here for application to our biped model.

If f) and ﬁ are the available estimates of D and h, at
each time instant t, then the sliding mode controller has the
form (20) with u; (i=1,2,...,n) being determined by

u=L (@[ u,-K(q, 3 sals /)] 22)

where Ei (q,q) and <I>i (i=1,2,...,n) are defined by the so-
called balancing equations and the 4 ;’s are chosen as :

0, =4

-2 q -A'g, @3)
di i

The sliding surfaces s; in (22) are selected as :

si=£1'+29» qi+leqi(t') dt’ (24)

where the indefinite integral { (which contains a constant
to be determined) is defined so as sj(t=0)=0. The gain
coefficient Lj(q) and the uncertainty bounds that are used for
computing k; (q, q) are appropriately selected. The details
are not included here ([12]).
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Clearly the main difference of the control law (22)-(23)
from the simple computéd torque PD control law is the
presence of the robustification term :

L.(9-k,(q, @) sat(s /P ) which ensures stability and

best performance in spite of the uncertainty in the biped
model.

IV. SIMULATION RESULTS

The 5-link biped shown in Fig.1 was used throughout
the simulation study. The results were obtained for two
different bipeds a small one and a human-sized one. The
values of the parameters m;, Ii, 1i and di for these two cases

are shown in Tables 1 and 2.

TABLE 1
PARAMETERS OF THE SMALL SIZE BIPED ROBOT
Moment of Location of center
Link | ™assm; Inertiali |[Lengthli of mass di
Kg) (Kgm) (m) (m)
Torso | 1479 {330x 1072 0.486 0.282
Thigh | 528 |330X10 -] 0302 0.236
Leg 223 |330X107°| 0332 0.189
TABLE 2
PARAMETERS OF THE HUMAN-SIZED BIPED ROBOT
Moment of . Location of center
Link | massmj Inertiali |Lengthli of mass di
Kg) (Kg m) (m) (m)
Torso 49.00 2.350 - 0.280
Thigh 7.63 0.089 0431 0.247
Leg 455 0.105 0.502 0.267

Our basic goal is to realize a steady stable gait on an
horizontal plane. Such a gait can be obtained by feeding to
the control system repeatedly at every step the same
reference signal [4]. The reference signals used here for the
control of joints 1,3 and 4 are shown in Fig.3. These
signals were applied in all but the first (starting) step. At
the starting step the slightly different reference signals of
Fig.4 were used.

A. Computed torque versus local PD control

The computed torque control law has the form {see (16)
and (8a,b)):
Tq = Dq(q)u + hq + Gq
where u is the 5X1 state feedback vector with components




1
u, = —m
1 Dq[l,l]

4
{J_Z:l(Dq[l,j +1ug ) +ho @+ Gq(l)} (25a)

i = qrj ~ Ky % Kye, (=1,2,3,4) (25b)

The constants KDj and Kpj are selected as described in
Section IIIB, i.e. Kpp;=2) and K =12 (j=1,2,3,4) (see (19)).
In this way a critically damped system is obtained with
control bandwidth A. Thus, the only parameter that remains
for selection is the parameter A. Here we assume a
maximum control bandwidth of 300 rad/sec (A < 300
rad/sec) and a sampling period T =2msec (£,=500 Hz).

The results for A =100, A = 150 and A = 200 are
summarized in Table 3 where by vanishing period we
indicate the time period in which the error vanishes.

0.4

0.3
1
[3
01F
0 (X}
time (sec)
04 0s
_ 02 06
! 0| g 0.4}
-
3 3
02 02 1
04 ]
[} 0s [} s
tisns (sec) time (sec)

Fig.3. Reference signals for stcady walking on an horizontal

surface
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;. ]
)
0
mo 0s
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04 0.4
i 03 i 03 4
02p 3 02} 4
3 o)
% oip L
) 0s ) 0s
tms (sec) dinae (sec)

Fig.4. Reference signals for the starting step (from the
vertical position).

TABLE 3

COMPUTED TORQUE RESULTS
A Average Vanishing
rad/sec error (rad) period (sec)
100 0.0123 0.10
150 0.0070 0.05
200 0.0014 0.04

The tracking error obtained by local PD control with A
= 200, has the form shown in Fig.5. One observes here the
existence of a steady state error (although very small) in
contrast with the computed torque control where the error is
always returned to zero in a given finite time. The
corresponding average tracking error is now 0.0107 rads.
The superiority of computed torque PD control over local
PD control is strengthened if we have the human-sized
biped. The results of the local PD control are shown in
Figs. 6 and 7 showing an average tracking error 0.0359 rads
over a period of 3 sec.

eost )
omt
gom
E om)
gaou-
001
o.00s}
5 3

0 0s 1 15 2
time(sec)

Fig.5. Tracking error of local PD control for A=200.

35 4

a1t
= 008F
g
§ auf
1l
2

15
cims (sec)

°l -]
g

Fig.6. Tracking error of the human-sized biped for local PD
control.
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Fig.7. Driving torques of the human-sized biped with local PD
control.

The average tracking error of the computed torque again over
a time period of 3 sec is 0.0033 rads (i.e. ten times smaller
than that of the local control). However this is achieved
through driving torques that are about 10 times larger from
the ones corresponding to the small-sized biped of Table 1.

B. Sliding Mode Control

Sliding mode control was applied for several values of
the uncertainties e, X 100%, ey X 100%, ¢, X 100% and ey X
100% of the biped parameters m,, I, I, and d,. Here we have
used the values e = e; = 0.45, ¢, = 0.10 and e4=0.20. The
results for A = 150 and T, = 2msec are shown in Figs. 8a
and 8b where the variation of the tracking error
l C](l)l + I e, l + I e3(t)| + | e,® l is depicted in an
interval of 3sec and around the time of completion of the
first step respectively. The average tracking error for the
first two steps is 0.0025 rads. One can observe that the error
returns to zero despite the existence of parametric
uncertainty. The evolution of the angular displacements of
the four joints in a period of 3sec is shown in Fig. 9 where

500

0.12,

tracking ervor (rads)
(-3
g8 &

-

:

&2,
&
(M
~
&
w

time (sec)

(o)

1 108 11 LIS 12 125 13 135 14 145 15
Sliding mode control, 150, 45% inck

®

Fig.8. Tracking error of sliding mode control with 45%
parametric uncertainty and A=150.

one can see a very good tracking performance despite the
parametric uncertainty.

C. Sliding Mode Versus Computed Torque Control

Here, the results of the sliding mode control will be
compared with those obtained via computed torque control.
The results obtained using the computed torque control are
depicted in Figs. 10 and 11. Comparing Figs. 8 and 10 one
observes the considerably increased overshoot and the

. existence of nonzero steady-state error in the computed

torque case. The average tracking error (0.0048 rads) of the
computed torque for the first two steps is twice the
corresponding error (0.0025 rads) of the sliding mode
control. Thus in overall for the same control bandwidth
A=150 the results obtained through sliding mode control are
much better than those obtained via computed torque
(smaller overshoot, zero final value of error, much smaller
average tracking error).
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Fig.12. Comparison of the robustmess (represented by the
average tracking error) of the various control techniques.

The above comparison was made for the parameter
uncertainty values e = e; = 045, ¢, = 0.10 and e4 = 0.20.

However for a full study, this comparison must be made for
a sequence of increasing parametric uncertainty. Since the
primary source of uncertainty is in the masses and moments
of inertia, this study was made by increasing the values of
e, and e; from 0.10 (10%) to 2.0 (200%) monitoring in

each case the average tracking error. The average tracking
error obtained over the uncertainty region 10% to 200% is
depicted in Fig.12 for the following cases (from top to
bottom): computed torque control, sliding mode control
with integral term active over the entire boundary layer
region, sliding mode control with integral term active over
50% of this region, and sliding mode control with integral
term active over 20% of the boundary layer region. The
results presented above (as well as others not included here)
have fully verified the theoretically expected superiority of
the sliding mode control over the computed torque control,
especially for situations where there exist large parametric
uncertainty.

IV. DIRECTIONS FOR FURTHER WORK

Work is in progress in the following directions:
- to explore biped models with more links (e.g. 9 links or
11 links),

- to explore the performance of altcrnative robust control

schemes [13-15],

- to explore the bencfits obtained by using parallel
scheduling computational algorithms [16],

- 1o explore the effectiveness of robust control to handle
the situation where one or more robotic arms are
attached on the body, considering the effect of their
motion as uncertainty to the biped locomotion model.
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